Abstract. For any completely distributive subspace lattice L on a real or complex reflexive Banach space and a positive integer n, necessary and sufficient (lattice-theoretic) conditions are given for the existence of a single element of AlgL of rank n. Similar conditions are given for the existence of single elements of infinite rank. From this follows a relatively simple lattice-theoretic condition which characterises when every non-zero single element has rank one. Slightly stronger results are obtained for the case where L is finite, including the fact that every single element must then be of finite rank.
Introduction
An element s of an (abstract) algebra A is called single if, whenever asb = 0 with a, b ∈ A, then as = 0 or sb = 0. It is easy to show that an operator of rank one is a single element of any operator algebra containing it. It is primarily for this reason that the notion of 'single element' plays a role in the representation theory of C * -algebras, or more generally, of semisimple Banach algebras, and also in the study of algebraic homomorphisms between reflexive operator algebras (see [3, 4, 5] for some results and further references).
If L is a completely distributive subspace lattice (see definition below) on a real or complex normed space, then AlgL contains a plethora of rank one operators (so many in fact, that their set of invariant subspaces is L [2, 6] ). Earlier results of Ringrose [8] and Lambrou [3] show that if L is a nest, respectively, an atomic Boolean algebra, then every non-zero single element of AlgL has rank one. As mentioned in [4] , Moore showed that this need not always be the case and asked if there was a simple lattice-theoretic condition on L both necessary and sufficient for every non-zero single element of AlgL to have rank one. An affirmative answer to Moore's question is presented below. A systematic study of single elements of reflexive algebras of the type AlgL, where L is completely distributive, was initiated by Lambrou in [4] . Amongst many other interesting results and examples, he shows that single elements of infinite rank are possible. The present note owes much to the ideas contained in [4] and is a contribution to the study initiated by it. For the sake of simplicity the underlying space is taken to be a reflexive Banach space.
Given a positive integer n we show (Theorem 1) that the existence of a single element of AlgL of rank n depends on a lattice-theoretic condition on L which is relatively simple to state. Similar lattice-theoretic conditions are obtained (Theorem 2) for the existence of a single element of infinite rank. It immediately follows that if AlgL contains a single element of rank m (possibly infinite), then it contains a single element of rank n, for every 1 ≤ n < m. Finally (Theorem 3) a slightly stronger result is obtained for the case where L is finite, including the fact that single elements must then be of finite rank.
Notation and preliminaries
Throughout what follows X will denote a real or complex reflexive Banach space, with topological dual X * . The terms operator on X and subspace of X shall mean, respectively, bounded linear mapping of X into itself, and closed linear manifold of X. If T is an operator on X its range is denoted by R(T ). For non-zero vectors e * ∈ X * and f ∈ X, the rank one operator defined by x → e * (x)f is denoted by
wheref is the image of f under the canonical map of X onto X * * . The linear span of a vector g is denoted g . If F is a collection of subspaces of X, AlgF denotes the set of operators on X leaving every member of F invariant. Obviously AlgF contains the identity operator and it is not difficult to show that it is closed in operator-norm. Thus AlgF is a unital Banach algebra. A collection L of subspaces of X is called a subspace lattice on X if it contains (0) and X, and is complete in the sense that it is closed under the formation of arbitrary closed linear spans (denoted '∨') and intersections. Operator algebras of the type AlgL, where L is a subspace lattice, are called reflexive operator algebras.
If L is a subspace of X, its annihilator is denoted by L ⊥ . Thus L ⊥ = {e * ∈ X * | e * (f) = 0, for every f ∈ L}. Dually, if M is a subspace of X * , its pre-annihilator is denoted by and its dual hold, where J I denotes the set of all maps from I into J. Every nest and every complete atomic Boolean algebra is completely distributive. The formal definition of complete distributivity just given is, in practice, difficult to use. Alternative characterisations of complete distributivity have proven to be more useful (see [6, 7] ). For a complete lattice Y the following are equivalent:
Here b − = {x | x ∈ Y and b ≤ x} and c + = {y | y ∈ Y and y ≤ c}, for every b, c ∈ Y (in any complete lattice the conventions ∅ = 0 and ∅ = 1 are adopted).
If L is a completely distributive subspace lattice on X, it is not too difficult to show that L ⊥ is also completely distributive (on
For such a subspace lattice L we denote by J the set of elements J = {J ∈ L | J = (0) and J − = X}. The relevance of J is due to the following lemma which will be frequently used.
Lemma 1 (Longstaff [6] (see also [2] )). If L is a subspace lattice on a real or complex normed space, the rank one operator e * ⊗ f belongs to AlgL if and only if there is an element J ∈ J such that f ∈ J and e * ∈ (J − ) ⊥ .
Completely distributive lattices
Throughout this section L will denote a completely distributive subspace lattice on a (real or complex, reflexive) Banach space X. First, given a positive integer n, we show how a single element of AlgL of rank n can be constructed, given that L satisfies a relatively simple lattice condition. We then show that this lattice condition is necessary for the existence of such a single element.
Proposition 1. If n is a positive integer and there exist sets of J -elements
Let A, B ∈ AlgL satisfy ASB = 
. This shows that S is a single element of AlgL and the proof is complete. 
The sufficiency of the condition follows from the preceding proposition.
Suppose that AlgL contains a single element, S say, of rank n. Since J = ∅, we may suppose that n > 1. By complete distributivity
, Lemma 3.2] S(J) is at most one-dimensional, for every J ∈ J . Thus R(S) = {S(J) | J ∈ J } and it follows that there is a basis {g
⊥ is at most one-dimensional, for every J ∈ J . Thus R(S * ) = {S * (J − ) ⊥ | J ∈ J } and it follows that there is a basis {e *
, it is enough to show that M i ∩ M j ⊆ J − , for every J ∈ J . If this were not the case it would follow that for some Lemma 3.3] ). This would contradict the linear independence of {e * i , e * j }. Thus M i ∩M j = (0). Continuing, since {K | K ∈ J } = X, to show that K i− ∨ K j− = X, it is enough to show that K ⊆ K i− ∨ K j− , for every K ∈ J . Now K cannot contain both K i and K j since otherwise S(K i ) = S(K j ) = S(K) (using [4, Lemma 3.2] ) and this would contradict the linear independence of {g i , g j }. Thus
Finally, we show that
Choose f ∈ K j such that Sf = 0 and choose 0 = e * ∈ (K j− ) ⊥ . Further, choose g * ∈ (M i− ) ⊥ such that S * g * = 0 and choose 0 = h ∈ M i . Then, by Lemma 1, each of e * ⊗ f and g * ⊗ h is a rank one operator of AlgL. Now (g * ⊗h)S = S * g * ⊗h = 0 and S(e * ⊗ f) = e * ⊗ Sf = 0. However, since
and this contradicts the fact that S is a single element. This completes the proof.
Next we present the 'infinite' version of Theorem 1. Apart from modifications necessitated by the requirements of convergence, the proof is similar. For this reason only an abbreviated proof will be given. 
Proof. First, suppose that the three conditions are satisfied by sets of J -elements
is linearly independent (by condition (1) and distributivity). For every j ≥ 1 choose e * j ∈ (K j− )
⊥ such that e * j = 1. The series
is absolutely convergent so converges in operator norm. Denote its sum by S. Now g j ∈ K j , for every j ≥ 1 (by condition (3)), so e * j ⊗ g j ∈ AlgL by Lemma 1.
By reflexivity and a corollary of the HahnBanach theorem, there exists a vector x j ∈ X such that e * i (x j ) = δ ij , for every i, j ≥ 1. Then Sx j = g j /2 j sog j ∈ R(S), for every j ≥ 1. Sinceg j =g 1 − 2f j , for every j ≥ 2, it follows that f j ∈ R(S), for every j ≥ 2. Hence S has infinite rank.
The proof that S is a single element of AlgL follows in a similar manner, but with the obvious modifications, to that given in the proof of Proposition 1 (we still have: if A ∈ AlgL and Ag k = 0, for some k ≥ 1, then Ag j = 0, for every j ≥ 1).
Conversely, suppose that AlgL contains a single element, S say, of infinite rank. Then, for every J ∈ J , S(J) = g J , for some vector g J (possibly zero) and since X = {J | J ∈ J } it follows that R(S) = { g J | J ∈ J }. By Zorn's Lemma {g J | J ∈ J } has a maximal linearly independent subset which must be infinite since S has infinite rank. Thus there exists a linearly independent set of vectors {g j | j ≥ 1} of X such that, for every j ≥ 1, S(K j ) = g j , for some K j ∈ J . Similar considerations applied to S * give a linearly independent set of vectors {e *
The proofs that conditions (1), (2) and (3) hold are almost identical to the corresponding arguments given in the proof of Theorem 1. This completes the proof.
Remarks. 1. The operator S constructed in the first part of the proof of the preceding theorem is, of course, compact. Thus, by the theorem, AlgL contains a single element of infinite rank if and only if it contains a compact single element of infinite rank.
2. Combining Theorems 1 and 2 leads immediately to the following observations. 
This answers affirmatively the question, raised by Moore, mentioned in [4] . Note that, in particular, if L is a nest or a complete atomic Boolean algebra (for which J is simply the set of atoms [6] ), then it easily follows from the above that every non-zero single element of AlgL has rank one. These facts were first observed, respectively, by Ringrose [8] and Lambrou [3] . Also, the above characterisation 'explains' Theorem 5.2 of [4] (by which non-zero single elements have rank one if L is the ordinal sum of a nest and a completely distributive subspace lattice).
Finite distributive lattices
In the preceding section L was a possibly infinite completely distributive subspace lattice (on a real or complex reflexive Banach space X). Throughout this section L will be taken to be finite (and distributive). Note that, by Theorem 2, every single element of AlgL has finite rank. A slight improvement to Theorem 1 is possible for this restricted class of subspace lattices as we will presently show. But first, some auxiliary results and definitions are required.
An element a of an abstract lattice Y is called join-irreducible if, whenever a = b ∨ c with b, c ∈ Y , then either a = b or a = c. If x ∈ Y has a representation x = n j=1 x j as a join of elements x j ∈ Y , 1 ≤ j ≤ n, the element x i is called redundant (to this representation) if x = n j=1;j =i x j . If no element x i is redundant, this representation of x is said to be irredundant . In any abstract finite distributive lattice every non-zero element has an irredundant representation as a join of nonzero join-irreducible elements. This representation is unique up to permutations of the non-zero join-irreducible elements. A proof of this result, due to Birkhoff, can be found in [1, Theorem 146, page 212].
Denote the set of non-zero join-irreducible elements of L by Z.
M } would contradict join-irreducibility. Of course, the set of atoms of L is non-empty and each atom belongs to Z. Let {M i | 1 ≤ i ≤ p} be the set of atoms of L. Let X = q j=1 K j be the unique (up to permutations) irredundant representation of X as a join of elements {K j | 1 ≤ j ≤ q} of Z.
Proposition 2. The set of atoms of
⊥ is the unique irredundant representation of X * as a join of non-zero join-irreducible elements.
Proof. Let J ⊥ be an atom of L ⊥ . Then J = X so K j J, for some 1 ≤ j ≤ q. Thus J ⊆ K j− so (0) ⊂ (K j− ) ⊥ ⊆ J ⊥ and so J = K j− . On the other hand, each (K k− )
⊥ is an atom of L ⊥ . For, by irredundancy, K k K i , for every i = k. 
